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Abstract
In the present paper we introduce the notion of generic sheaves on an elliptic curve E. We then describe
all the generic sheaves which are determined by their slopes. We also show that the coherent sheaves on E
can be classified by generic sheaves.
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1. Introduction
The concept of a generic module was introduced by Crawley-Boevey in order to provide a
better understanding of finite-dimensional algebras of tame representation type [6]. A generic
R-module M over an arbitrary ring R is by definition an indecomposable R-module of infinite
length such that M considered as an End(M)-module is of finite length. Ringel [17] showed
that if R is a finite-dimensional hereditary algebra of tame representation type, then there ex-
ists a unique indecomposable torsionfree divisible module Q. Moreover, Q is an R-module of
infinite length, and it is finite-dimensional over its endomorphism ring, that is, Q is a generic
module. And in [18], Ringel showed that for a tame hereditary algebra, there exists only one
generic module which is in fact the unique torsion-free divisible module Q. Following Crawley-
Boevey [6], a finite-dimensional algebra Λ over an algebraically closed field k is tame if and
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it was shown that whether a finite-dimensional algebra over an algebraically closed field is tame
or wild is determined completely by the behavior of the generic modules for that algebra. The
Second Brauer–Thrall Conjecture provides another reason to study generic modules because the
existence of a generic module over an artin R-algebra Λ (under the assumption that R/ radR
is an infinite field) implies that Λ has strongly unbounded representation type, that is, there are
infinitely many pairwise non-isomorphic Λ-modules of length n for infinitely many n ∈ N. Us-
ing the functor categories as well as model theoretical considerations, Krause [16] introduced an
effective method to construct generic modules over artin algebras from generalized tubes. To re-
cover and strengthen Krause’s result, Ringel [19] presented a direct approach using only modules
and their elements to construct the endofinite modules.
Crawley-Boevey [8] introduced the concept of locally finitely presented additive categories
and extended the notion of finite endolength modules to that of finite endolength objects in lo-
cally finitely presented categories. More precisely, an object L in a locally finitely presented
category A with products is said to be of finite endolength (i.e. endofinite) if for each finitely
presented object X, Hom(X,L) has finite length over End(L). He also pointed out that if X is
a noetherian scheme, then the category of quasi-coherent sheaves of OX-modules is a locally
finitely presented category, and finitely presented objects are exactly coherent sheaves.
Recently, Lenzing [12] extended the notion of generic modules to that of generic objects in the
category of quasi-coherent sheaves on a weighted projective line X of genus one. This is based on
the fact from [10] that the bounded derived category of quasi-coherent sheaves over a weighted
projective line X of genus one is equivalent to the bounded derived category of finite-dimensional
modules over the corresponding tubular algebra. Let T be a tilting sheaf on X. By definition, an
indecomposable quasi-coherent sheaf G is generic if G is not coherent, and both Hom(T ,G) and
Ext1(T ,G) have finite End(G)-length. Then he completely determined all generic sheaves over
X and deduced all generic modules over the corresponding tubular algebra.
Following the idea in [12], we shall define generic sheaves on an elliptic curve E. Namely, an
indecomposable quasi-coherent sheaf G is said to be generic if G is not coherent, and Hom(F ,G)
and Ext1(F ,G) have finite EndG-length for all coherent sheaves F . Note that the bounded de-
rived category of quasi-coherent sheaves over an elliptic curve is not equivalent to the bounded
derived category of finite-dimensional modules over a finite-dimensional algebra. The main pur-
pose of this paper is to determine all generic sheaves on E and to study the relationship between
generic sheaves and the category of coherent sheaves cohE.
Throughout this paper, k always denotes an algebraically closed field. An elliptic curve E
over k is a smooth plane projective curve of genus one having a k-rational point p0. Since every
quasi-coherent sheaf on an elliptic curve is a direct limit of coherent sheaves, the behavior of a
quasi-coherent sheaf much depends on those of coherent sheaves.
The paper is organized as follows. In Section 2 we recall some well-known results about the
structure of the category of coherent sheaves cohE on an elliptic curve E. Section 3 is the main
part of this paper. We first define generic sheaves on an elliptic curve E and extend the notions
of rank, Euler characteristic and slope of coherent sheaves to those of generic sheaves. We then
determine all generic sheaves on E and prove all these generic sheaves can be ordered by the
slope. Moreover, we describe homomorphisms among the generic sheaves and show that coher-
ent sheaves on an elliptic curve can be classified by generic sheaves. Theorems 3.14 and 3.16 are
two main results of this paper.
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By definition, an elliptic curve E on an algebraically closed field k is a smooth plane pro-
jective curve of genus one having a k-rational point p0. The category QcohE of quasi-coherent
sheaves on E is a locally noetherian Grothendieck category, and every quasi-coherent sheaf on E
is a direct limit of coherent sheaves. Hence, the structure of a quasi-coherent sheaf on E much
depends on that of coherent sheaves on E. In this section, we recall some well-known results on
the category cohE of coherent sheaves on E.
Lemma 2.1. (See [13].) The category H = cohE of coherent sheaves on E is an abelian, Ext-
finite, noetherian, hereditary and Krull–Schmidt k-category. H satisfies Serre duality, i.e. for
any two coherent sheaves F and G, there is an isomorphism Hom(F ,G) ∼= DExt1(G,F), where
D = Homk(−, k). And H =H+ ∨H0, that is, each indecomposable object of H lies either in
H+ or in H0 and there are no non-zero morphisms from H0 to H+, where H+ denotes the full
subcategory of H consisting of all objects which do not have a simple subobject, and H0 denotes
the full subcategory of H consisting of all objects of finite length.
Remark 2.2. From [20], we know that QcohE is also hereditary.
There is an additive function rk :H→ Z, called rank function, defined by rk(F) := dimK Fξ
for each coherent sheaf F , where ξ is the generic point of E, and K is the function field of E. In
particular, each object in H+ has rank > 0 and each object in H0 has rank 0. Objects of H+ are
called bundles and those of rank one are called line bundles. It is known that if L is a line bundle
and S is simple sheaf, then Hom(L,S) ∼= k (see [13]).
Lemma 2.3. (See [13].) Each non-zero morphism from a line bundle to any bundle is a monomor-
phism. In particular, the endomorphism ring of a line bundle is isomorphic to k. Each bundle F
with rank n has a line bundle filtration, that is, a chain
0 =F0 ⊆F1 ⊆ · · · ⊆Fn−1 ⊆Fn =F
of subobjects of F , satisfying each quotient Fi+1/Fi is isomorphic to a line bundle.
Lemma 2.4. (See [13].)H0 is a hereditary abelian length category with Serre duality.H0 is unis-
erial, and decomposes into a coproduct
∐
x∈E Ux of connected uniserial subcategories, whose
associated quivers are homogeneous tubes, and the mouth of each homogeneous tube is a simple
sheaf.
Lemma 2.5. (See [2,3].) The category of simple sheaves is precisely {k(x)}x∈E, where k(x) is
the skyscraper sheaf at x. For each closed point x, the category of semi-stable sheaves with the
Jordan–Hölder factors k(x) is equivalent to the category of finite-dimensional k[[T ]]-modules,
where k[[T ]] is the ring of formal power series.
For objects F ,G ∈H, we define
〈F ,G〉 = dimk Hom(F ,G) − dimk Ext1(F ,G).
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rk(F) , where
χ(F) = 〈OE,F〉 is the Euler characteristic of F .
Remark 2.6. By definition, we know that the Euler characteristic and the rank function are addi-
tive. Then the Euler characteristic and the rank function on cohE induce the Euler characteristic
and the rank function on the Grothendieck group K0(E) of cohE naturally.
Lemma 2.7 (Riemann–Roch formula). For any two coherent sheaves F and G on an elliptic
curve E, we have
〈F ,G〉 = χ(G) rk(F) − χ(F) rk(G).
In particular, 〈F ,G〉 = −〈G,F〉.
A coherent sheaf F is called stable (respectively semi-stable) if for any non-trivial exact
sequence 0 →F ′ →F →F ′′ → 0, μ(F ′) < μ(F) (respectively μ(F ′) μ(F)) holds.
Lemma 2.8. (See [1,4].) Any indecomposable coherent sheaf F on E is semi-stable. If two semi-
stable coherent sheaves F ,H ∈ cohE satisfy μ(F) > μ(H), then Hom(F ,H) = 0.
It was known that [k(x)] = [k(y)] in K0(E) if x, y are distinct points, and that {[OE],
{[k(x)]}x∈E} generates K0(E). Considering K0(E)/ rad〈−,−〉, where rad〈−,−〉 = {F ∈ K0(E) |
〈F,−〉 = 0} is the radical of the Euler form, we have [k(x)] = [k(y)] for any two points x, y ∈ E.
By Riemann–Roch theorem we get an isomorphism
Z : K0(E)/ rad〈−,−〉 → Z2
defined by Z(F) = ( rk(F )
χ(F )
)
. Since
Z
([OE])= (10
)
and Z
([
k(p0)
])= (01
)
,
K0(E)/ rad〈−,−〉 has Z-basis {[O], [k(p0)]} (see [2,14]).
Let Aut(Db(cohE)) be the group of exact auto-equivalences of the bounded derived category
of cohE. The action on K0(E) by Aut(Db(cohE)) preserves the Euler form. So it keeps invariant
the radical of the Euler form, and then induces an action on K0(E)/ rad〈−,−〉. Thus, we get a
group homomorphism π : Aut(Db(cohE)) → SL(2,Z).
Lemma 2.9. (See [15].) The group homomorphism π : Aut(Db(cohE)) → SL(2,Z) is surjec-
tive.
Lemma 2.10. (See [2,3].)
(1) Let coh∞ E be the category of semi-stable sheaves of slope ∞. Then coh∞ E is just H0. The
category of simple sheaves is precisely {k(x)}x∈E, where k(x) is the skyscraper sheaf at x
and it is the mouth of a homogeneous tube Tx which is the associated quiver of Ux .
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H= add
( ⋃
q∈Q∪{∞}
cohq E
)
where cohq E = {semi-stable sheaves of slope q}.
(3) For any p ∈ Q ∪ {∞}, there is an equivalence of abelian categories cohp E ∼= coh∞ E in-
duced by an auto-equivalence of Db(cohE).
(4) Let F and F ′ be indecomposable such that rk(F) = r , χ(F) = d , rk(F ′) = r ′ and
χ(F ′) = d ′. If χ
r
>
χ ′
r ′ , then Hom(F ,F ′) = 0 and dim Ext1(F ,F ′) = χr ′ − χ ′r; if χr < χ
′
r ′ ,
then dim Hom(F ,F ′) = χ ′r − χr ′ and Ext1(F ,F ′) = 0.
3. Generic sheaves on an elliptic curve
In this section, we introduce the notion of generic sheaves on an elliptic curve E. We then
describe all the generic sheaves which are determined by their slopes.
Definition 3.1. An indecomposable G in QcohE is called generic if G is not a coherent sheaf,
and both Hom(F ,G) and Ext1(F ,G) have finite EndG-length for all coherent sheaf F .
Let K be the rational function sheaf on E, i.e. K is the constant sheaf having section the
function field of E. It is known from [11] that K is a quasi-coherent sheaf, but not a coherent
sheaf. By [21], K is the unique big injective sheaf, i.e. K is the unique indecomposable injective
sheaf such that EndK is a division ring and every quasi-coherent sheaf on E is a subquotient of
a direct sum of copies of K. Also, rkF = lgEndKHom(F ,K) for each coherent sheaf F . Thus,
K is obviously a generic sheaf.
Lemma 3.2. For each x ∈ E, denote by Tx the homogeneous tube whose mouth is simple
sheaf k(x). Then the direct limit Ix of Tx is not a generic sheaf.
Proof. Assume that Tx consists of the sheaves S ix , i ∈ N+, where the Euler characteristic of S ix
is i. Note that S1x is just the simple sheaf k(x). Then the almost split sequence 0 → S1x → S2x →
S1x → 0 induces a short exact sequence
0 → Hom(OE,S1x )→ Hom(OE,S2x )→ Hom(OE,S1x )→ 0
since Ext1(OE, k(x)) ∼= DHom(k(x),OE) = 0. So, we have
dimk Hom
(OE,S2x )= 2 dimk Hom(OE,S1x )= 2,
i.e. Hom(OE,S2x ) ∼= k ⊕ k. By using the induction on i, we obtain Hom(OE,S ix) ∼=
⊕
i k for
each i ∈ N+. Therefore,
Hom(OE,Ix) = Hom
(
OE, lim−→
i∈N
S ix
)
= lim−→
i∈N
Hom
(OE,S ix)∼=⊕k.+ + N+
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k[[T ]]-module is k. Thus, Hom(OE,Ix) has infinite length as an EndIx -module. Consequently,
Ix is not a generic sheaf. 
Definition 3.3. A quasi-coherent sheaf F is called torsion if Hom(F ,K) = 0. A quasi-coherent
sheaf is called torsion-free if it has no non-zero torsion subsheaf.
Since rk(F) = lgEndKHom(F ,K) for each F ∈ cohE, we have that each object in coh∞ E is
torsion, and then each object inH+ is torsion-free. Thus, each coherent sheaf can be decomposed
into direct sum of a torsion sheaf and a torsion-free sheaf.
Lemma 3.4. In QcohE there are no non-zero morphisms from a torsion sheaf to a torsion-free
sheaf.
Proof. Suppose that there exist a non-zero morphism f ∈ Hom(E,F), where E is torsion and F
is torsion-free. Then we have the exact sequence 0 → Hom(Imf,K) → Hom(E,K). Thus,
Hom(Imf,K) = 0 follows from Hom(E,K) = 0. This is a contradiction to the fact that F is
torsion-free. 
Lemma 3.5. Each generic sheaf G is torsion-free.
Proof. Suppose the generic sheaf G has a non-zero torsion subsheaf G′. Let tG be the sum of all
subobjects of G having finite length, then tG = 0. We claim that tG is a pure subobject of G, i.e.
the short exact sequence
0 → tG → G π−→ G/tG → 0
is a pure-exact sequence. By definition, we only need to show that, for any indecomposable
coherent sheaf F ,
0 → Hom(F , tG) → Hom(F ,G) → Hom(F ,G/tG) → 0
is an exact sequence. In fact, we have a long exact sequence
0 → Hom(F , tG) → Hom(F ,G) → Hom(F ,G/tG) π∗−→ Ext1(F , tG).
And for each f ∈ Hom(F ,G/tG), its image π∗(f ) is just the upper exact sequence of the fol-
lowing commutative diagram
 
 






tG0 0
0 0.
G1
tG G
F
G/tG
f
π
Now we have only to consider two cases.
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(2) F ∈H+, then we have Ext1(F , tG) = 0 since tG is the sum of all subobjects of G having
finite length.
Altogether, we have π∗(f ) = 0 for each f ∈ Hom(F ,G/tG). Thus tG is a pure subobject
of G.
Since every pure subobject of an endofinite object is again endofinite and by [8, (3.6)] end-
ofinite object is pure-injective, we obtain that tG is a pure-injective object. Then tG ∼= G by the
indecomposableness of G. In addition, we know that tG is a torsion sheaf, thus tG is isomorphic
to some Ix or some Sny , where x, y ∈ E, n ∈ N+. According to Lemma 3.2, Ix is not a generic
sheaf. So tG is isomorphic to Sny . A contradiction. 
Now we are going to index the generic sheaves. Let G be a generic sheaf. For a coherent
sheaf F , we define
〈[F],G]= lgEndG Hom(F ,G) − lgEndG Ext1(F ,G) ∈ Z,
where lgEndG is the length over EndG. This induces a linear form 〈−,G] on K0(E).
Lemma 3.6. Let G be a generic sheaf. For α,β ∈ K0(E), if α − β ∈ rad〈−,−〉, then 〈α,G] =
〈β,G].
Proof. Since {[OE], {[k(x)]}x∈E} generates K0(E) and [k(x)] = [k(y)] for any two points
x, y ∈ E, it is sufficient to prove 〈[k(x)],G] = 〈[k(y)],G]. Furthermore, it is enough to show
Ext1(k(x),G) ∼= Ext1(k(y),G) since Hom(k(x),G) = 0 for any x ∈ E. Note that each coher-
ent subsheaf Gα of G is torsion-free. According to Lemma 2.10, we have Ext1(k(x),Gα) ∼=
Ext1(k(y),Gα). This induces Ext1(k(x),G) ∼= Ext1(k(y),G). This finishes the proof. 
From the above lemma, we can define a linear form 〈−,G]1 on K0(E)/ rad〈−,−〉 by 〈α,G]1 =
〈α,G] for any α ∈ K0(E).
In order to define the slope for generic sheaves, we shall understand the relationship between
the linear form 〈−,G] and the Euler form on K0(E).
Lemma 3.7. For each F ∈ cohE and simple sheaf k(x), we have rk(F) = 〈[F], [k(x)]〉.
Proof. It is a direct consequence of Riemann–Roch formula. 
The following lemma is obvious.
Lemma 3.8. The Euler form 〈−,−〉 on K0(E) induces a non-degenerate bilinear form 〈−,−〉1
on K0(E)/rad〈−,−〉 defined by 〈α,β〉1 = 〈α,β〉 for any α,β ∈ K0(E). We call 〈−,−〉1 the Euler
form.
Theorem 3.9. For each generic sheaf G, there exists a unique element ω ∈ K0(E)/ rad〈−,−〉
such that 〈F,ω〉1 = 〈F,G]1 for all F ∈ cohE.
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K0(E)/ rad〈−,−〉. Since {[OE], [k(p0)]} is a Z-basis of K0(E)/ rad〈−,−〉, for each [F] ∈
K0(E)/ rad〈−,−〉, there exist r, s ∈ Z such that [F] = r[OE] + s[k(p0)]. By a direct compu-
tation, we have 〈F,ω〉1 = ra + sb = 〈F,G]1. This proves the existence. The non-degeneracy of
the Euler form implies the uniqueness. 
We denote ω by [G]. Now we extend the notions of rank, Euler characteristic and slope of
coherent sheaves to those of generic sheaves.
Definition 3.10. For each generic sheaf G, we define the rank of G by rk(G) = 〈[G], [k(p0)]〉1,
the Euler characteristic by χ(G) = 〈[OE], [G]〉1, and the slope by μ(G) = χ(G)rk(G) .
Lemma 3.11. We have [K] = [k(p0)]. In particular, K has rank zero, and slope ∞.
Proof. For any coherent sheaf F , we have 〈[F], [k(p0)]〉1 = 〈[F], [k(p0)]〉 by Lemma 3.8 and
rkF = 〈[F], [k(p0)]〉 by Lemma 3.7. In addition, rkF = lgEndKHom(F ,K) from [21] implies
that rkF = 〈[F],K]. Then, we have 〈[F],K]1 = 〈[F],K] = 〈[F], [k(p0)]〉1. Thus, according to
Theorem 3.9, we have [K] = [k(p0)]. 
Theorem 3.12. Each generic sheaf G of slope ∞ is isomorphic to K.
Proof. Assume that I is a generic sheaf of slope ∞, i.e. rk(I) = 0. Let k(x) be a simple sheaf.
Set a = 〈[OE],I]1 and b = 〈[k(x)],I]1. Then
rkI = −〈[k(x)], [I]〉1 = −〈[k(x)], a[k(x)]− b[OE]〉1 = −b = −〈[k(x)],I]1 = −〈[k(x)],I]
= −lgEndI Hom
(
k(x),I)+ lgEndI Ext1(k(x),I).
Since k(x) is torsion sheaf and I is torsion-free, we get Hom(k(x),I) = 0. Hence,
Ext1(k(x),I) = 0. As we know, each F ∈ coh∞(E) has a finite chain 0 ⊆ F1 ⊆ F2 ⊆ · · · ⊆
Fn−1 ⊆Fn =F , where each quotient Fi/Fi−1 is a simple sheaf. By using induction, we obtain
that Ext1(F ,I) = 0. Now we are going to show I is an injective sheaf. For each subsheaf L
of OE, we consider the following short exact sequence
0 −→ L f−→OE g−→ E −→ 0,
where f is the embedding. Then rk(L) = rk(OE) = 1 follows rk(E) = 0, and E ∈ coh∞(E). Then
we have Ext1(E,I) = 0. Let α : L→ I be a homomorphism. We have the following commuta-
tive diagram
 
 






L0 0
0 0.
OE
I F
f
f1
βα
E
Eg1
g
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idI . Let h = h1β . Then α = idIα = h1f1α = h1βf = hf . Thus, Baer’s test for injectivity yields
that I is injective sheaf. By [9, Theorem 1], each indecomposable injective sheaf in QcohE is
either isomorphic to Ix for some x ∈ E, or isomorphic to K. But, by Lemma 3.2, Ix is not a
generic sheaf. Therefore, I is isomorphic to K. 
The above theorem shows that there exists a unique generic sheaf of slope ∞ up to iso-
morphism. In order to determine generic sheaves of a fixed slope q ∈ Q, we need to study the
structure of Db(cohE).
Lemma 3.13. Let μ ∈ Q, n ∈ Z. Then there exists Φ[n]μ∞ ∈ Aut(Db(cohE)) such that
Φ
[n]
μ∞(coh∞ E) = cohμ E[n] and
Φ[n]μ∞(cohE) = add
( ⋃
q>μ
cohq E[n − 1] ∪ coh∞ E[n − 1]
⋃
qμ
cohq E[n]
)
,
where [n] is the nth power of the translation functor of the derived category. Consequently,
the category add(
⋃
q>μ cohq E[n − 1] ∪ coh∞ E[n − 1]
⋃
qμ cohq E[n]) is equivalent to the
category cohE.
Proof. First, we show that there exists Φ[n]μ∞ ∈ Aut(Db(cohE)) such that Φ[n]μ∞(coh∞ E) =
cohμ E[n]. Indeed, Lemma 2.10 implies that there exists Ψμ∞ ∈ Aut(Db(cohE)) such that
Ψμ∞(coh∞ E) = cohμ E. Hence, the composition [n] ◦ Ψμ∞ is an automorphism which sends
coh∞ E to cohμ E[n]. Let Φ[n]μ∞ = [n] ◦ Ψμ∞.
Next, we prove that Φ[n]μ∞(coh∞ E[−1]) = cohμ E[n − 1]. According to [15], we know that
π(Φ
[n]
μ∞) ∈ SL(2,Z) satisfies π(Φ[n]μ∞)
( a
b
)= ( cd ), where a, b, c, d ∈ Z with ba = ∞ and dc = μ.
And (
rk(Φ[n]μ∞(H·))
χ(Φ
[n]
μ∞(H·))
)
= π(Φ[n]μ∞)
(
rk(H·)
χ(H·)
)
for all H· ∈ Db(cohE). Since [H[1]] = −[H] for all H ∈ cohE, we have(
rk(Φ[n]μ∞(H[−1]))
χ(Φ
[n]
μ∞(H[−1]))
)
= −
(
rk(Φ[n]μ∞(H))
χ(Φ
[n]
μ∞(H))
)
.
This induces that the slope of an object in Φ[n]μ∞(coh∞ E[−1]) is μ. Set cohμ E[m] =
Φ
[n]
μ∞(coh∞ E[−1]). Since
Hom
(
k(p0), k(p0)[1]
)∼= Ext1(k(p0), k(p0))∼= DHom(k(p0), k(p0)) = 0,
we have Hom(Φ[n]μ∞(k(p0)[−1]),Φ[n]μ∞(k(p0))) = 0. Thus, m = n − 1.
Finally, set
cohμ E[n] = add
( ⋃
q>μ
cohq E[n − 1] ∪ coh∞ E[n − 1]
⋃
cohq E[n]
)
.qμ
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for each q ∈ Q. In fact, for any H ∈ cohq E, Hom(H, k(p0)) = 0 implies Hom(Φ[n]μ∞(H),
Φ
[n]
μ∞(k(p0))) = 0. Moreover, we have
Hom
(
k(p0)[−1],H
)∼= Hom(k(p0),H[1])∼= Ext1(k(p0),H)∼= DHom(H, k(p0)) = 0.
Thus, Hom(Φ[n]μ∞(k(p0)[−1]),Φ[n]μ∞(H)) = 0. Consequently, we have Φ[n]μ∞(cohq E) ⊆
cohμ E[n]. 
Theorem 3.14. For each q ∈ Q ∪ {∞}, there exists a unique generic sheaf Gq of slope q , up to
isomorphism.
Proof. Set q = d
r
, where d and r are coprime integers and r  0. Since every quasi-coherent
sheaf over E is a direct limit of coherent sheaves, each automorphism of Db(coh(E)) can be
extended to an automorphism of Db(Qcoh(E)). Denoted Φ[0]q∞ by Φq∞.
Regarding Qcoh(E) as a full subcategory of Db(Qcoh(E)), we have that K is in Db Qcoh(E).
Let Gq = Φq∞(K). We claim that Gq ∈ QcohE. In fact, according to Lemma 3.13, for each F ∈
cohE with μ(F) < q , we have Φ−1q∞(F) ∈ cohE and μ(Φ−1q∞(F)) ∈ Q. Thus Hom(F ,Gq) ∼=
Hom(Φ−1q∞(F),K) = 0. For each F ∈ cohE with μ(F) > q , we have Φ−1q∞(F) ∈ cohE[1] and
μ(Φ−1q∞(F)) ∈ Q. Hence there exists H ∈ cohE satisfying μ(H) ∈ Q and Φ−1q∞(F) ∼= H[1].
Therefore,
Ext(F ,Gq) ∼= Ext
(
Φ−1q∞(F),K
)∼= Ext(H[1],K)∼= Hom(H[1],K[1])∼= Hom(H,K) = 0.
This proves that Gq actually belongs to QcohE.
Next, we are going to show Gq is a generic sheaf. According to Lemma 3.13, Φ−1q∞(F) ∈
cohE ∪ cohE[1] for each F ∈ cohE. We consider the EndGq -length of Hom(F ,Gq) and
Ext1(F ,Gq). If Φ−1q∞(F) ∈ cohE, then Hom(Φ−1q∞(F),K) has finite EndK-length by the gener-
icness of K, and Ext1(Φ−1q∞(F),K) = 0 by the injectivity of K. Thus, Hom(F ,Gq) has finite
EndGq -length and Ext1(F ,Gq) = 0 since Φq∞ is an automorphism. If Φ−1q∞(F) ∈ cohE[1],
then there exists H ∈ cohE with Φ−1q∞(F) = H[1]. So Hom(F ,Gq) ∼= Hom(Φ−1q∞(F),K) ∼=
Hom(H[1],K) = 0. And Ext1(F ,Gq) ∼= Ext1(Φ−1q∞(F),K) ∼= Ext1(H[1],K) ∼= Hom(H[1],
K[1]) ∼= Hom(H,K), thus Ext1(F ,Gq) has finite EndGq -length. Consequently, Gq is a generic
sheaf.
Finally, we prove that the slope of Gq is q . By Lemma 3.11, we have [K] = [k(p0)]. Then for
each F ∈ coh(E), we have〈[F], [Gq ]〉1 = 〈[F],Gq]1 = 〈[F],Φq∞(K)]1 = 〈[Φ−1q∞(F)], [K]〉1 = 〈[Φ−1q∞(F)], [k(p0)]〉1
= 〈[F], [Φq∞(k(p0))]〉1.
Thus, [Gq ] = [Φq∞(k(p0))] by the non-degenerateness of Euler form. Note that [Φq∞(k(p0))] =
r[O] + d[k(p0)], we get [Gq ] = r[O] + d[k(p0)]. This implies that μ(Gq) = q .
The uniqueness of generic sheaf of slope q is obvious since Φq∞ is an automorphism and K
is a unique generic sheaf of slope ∞. 
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r
∈ Q, where d and r are coprime integers and r  0. Then each
coherent subsheaf L of Gq satisfies 〈[L], r[O] + d[k(p0)]〉 = 1.
Proof. Each non-zero coherent subsheaf Kα of K has rank one [21] and this can be extended to
an arbitrary slope q by applying Φq∞. 
Theorem 3.14 shows that generic sheaves can be ordered by the slopes. The following theorem
means that coherent sheaves of fixed slope can be determined by the generic sheaf of the same
slope.
Theorem 3.16. Let Gq be the generic sheaf of slope q and let F ∈ cohE be indecomposable with
slope μ(F).
(1) If μ(F) < q , then Hom(F ,Gq) = 0 and Ext1(F ,Gq) = 0.
(2) If μ(F) = q , then Hom(F ,Gq) = 0 = Ext1(F ,Gq).
(3) If μ(F) > q , then Hom(F ,Gq) = 0 and Ext1(F ,Gq) = 0.
Consequently, cohq(E) = ⊥Gq ∩ coh(E), where ⊥Gq is the left perpendicular category of Gq
defined by
⊥Gq =
{F ∈ QcohE ∣∣ Hom(F ,Gq) = 0 = Ext1(F ,Gq)}.
Proof. For q = ∞, we have Gq ∼= K. Then Ext1(F ,K) = 0 for each F ∈ coh(E). Note that
rk(F) = lgEnd(K) Hom(F ,K). We get Hom(F ,K) = 0 for μ(F) < ∞, and Hom(F ,K) = 0 for
μ(F) = ∞.
For each q ∈ Q, we set q = d
r
, where d and r are coprime integers and r  0. According to
Theorem 3.14, we have
〈[F],Gq]1 = 〈[F], [Gq ]〉1 = 〈[F], r[O] + d[k(p0)]〉1 = d rk(F) − rχ(F).
Thus, for μ(F) > q , we have 〈[F],Gq ] > 0, and then Hom(F ,Gq) = 0. For μ(F) < q , we have
〈[F],Gq ] < 0, and then Ext1(F ,Gq) = 0. Moreover, according to Lemma 3.13, for μ(F) < q ,
we have Φ−1q∞(F) ∈ cohE, and then Ext1(F ,Gq) ∼= Ext1(Φ−1q∞(F),K) = 0. For μ(F) > q , we
have Φ−1q∞(F) ∈ cohE[1], and then Hom(F ,Gq) ∼= Hom(Φ−1q∞(F),K) = 0. For μ(F) = q , we
have 〈[F],Gq ]1 = 0 and Ext1(F ,Gq) ∼= Ext1(Φ−1q∞(F),Φ−1q∞(Gq)) = Ext(Φ−1q∞(F),K) = 0, and
further Hom(F ,Gq) = 0. 
Now we have the following immediate consequence.
Corollary 3.17. Let q, r ∈ Q ∪ {∞}. Then
(1) Hom(Gq,Gr ) = 0 if q > r;
(2) Hom(Gq,Gr ) = 0 if q  r .
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